In Ref. [1] we have presented the results of an exploratory lattice QCD computation of the long-distance contribution to the K þ → π þ νν decay amplitude. In the present paper we describe the details of this calculation, which includes the implementation of a number of novel techniques. The K þ → π þ νν decay amplitude is dominated by short-distance contributions which can be computed in perturbation theory with the only required nonperturbative input being the relatively well-known form factors of semileptonic kaon decays. The long-distance contributions, which are the target of this work, are expected to be of Oð5%Þ in the branching ratio. Our study demonstrates the feasibility of lattice QCD computations of the K þ → π þ νν decay amplitude, and in particular of the long-distance component. Though this calculation is performed on a small lattice (16 3 × 32) and at unphysical pion, kaon and charm quark masses, m π ¼ 420 MeV, m K ¼ 563 MeV and m MS c ð2 GeVÞ ¼ 863 MeV, the techniques presented in this work can readily be applied to a future realistic calculation.
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I. INTRODUCTION
K → πνν decays provide an excellent probe for searching for new physics (as recalled in Sec. II A below). The decays are dominated by short-distance contributions (from top-quark loops with also a significant contribution from the charm quark in K þ → π þ νν decays) which can be calculated to a good precision using perturbation theory with the only required nonperturbative input being the relatively well-known form factors of semileptonic kaon decays. The target of the current study is the evaluation of the long-distance (LD) contributions to the K þ → π þ νν decay amplitude and phenomenological estimates suggest that they are of the order of about 5% [2] .
The techniques required to compute the long-distance contributions to K þ → π þ νν decay amplitudes were developed in Ref. [3] . They have subsequently been applied to an exploratory computation on a 16 3 × 32 lattice at unphysical pion, kaon and charm quark masses (m π ¼ 420 MeV, m K ¼ 563 MeV and m MS c ð2 GeVÞ ¼ 863 MeV) and the results were reported in the paper [1] . The purpose of this paper is to present the details of this computation, demonstrating how the various novel ideas from Ref. [3] can be implemented in an actual calculation. Our study demonstrates the feasibility of lattice QCD computations of the K þ → π þ νν decay amplitude, and in particular its long-distance component so that these techniques can readily be applied to a future realistic calculation.
As a strangeness (S) changing second-order weak interaction process, within the standard model the calculation of the K þ → π þ νν decay amplitude involves diagrams with the exchange of two W bosons (W-W diagrams), or those with the exchange of one W and one Z boson (Z-exchange diagrams) or those with a loop containing a W-W-Z vertex. The long-distance contributions are given by the W-W and Z-exchange diagrams. Their evaluation requires the computation of the matrix elements of bilocal operators composed of two local operators of the effective Hamiltonian (in which the Ws and Zs are contracted to a point) and we include all the connected, closed quark-loop and disconnected contractions in the correlation functions. The three main difficulties which had to be overcome, and which will be described in detail in the following sections, are (i) the removal of the unphysical terms which appear in second-order Euclidean correlation functions. When there are intermediate states propagating between the two local operators which are lighter than the mass of the kaon, m K (we take the kaon to be at rest), then these terms grow exponentially with the range of the integration over the temporal separation of the two operators (see Sec. III E 4); (ii) the subtraction of the additional ultraviolet divergences which arise from the integration region where the two local operators comprising the bilocal operator approach each other (see Secs. II B, II C and IV) and (iii) the finite-volume corrections associated with onshell intermediate states with energies smaller than m K (see Sec. VI A 3). The plan for the remainder of this paper is as follows. In the following section we present an overview of the importance of K → πνν decays as a probe for possible new physics, explain what we mean by long-distance contributions and give an outline of how lattice computations can be used to compute their contribution to the decay amplitude. The following three sections contain the details of the three main elements of the computation of the longdistance contributions to the amplitude for the rare-kaon decay K þ → π þ νν. Section III contains a description of the computation of the matrix element of bare lattice bilocal operators, i.e., of the product of the two local weak operators in the effective Hamiltonian. As the two operators approach each other, new ultraviolet divergences appear and we discuss the subtraction of these divergences in Sec. IV. In the next section, Sec. V, we discuss two perturbative aspects of the calculation. One of these is the calculation of the matching factor relating the matrix elements computed nonperturbatively to those in the (purely perturbative) MS scheme. In this section we also follow the standard procedure of integrating out the charm quark so that the amplitude can be obtained using perturbation theory and the form-factors from K l3 decays. We compare this result with the nonperturbative lattice determination of the amplitude in Sec. VI where we combine the elements from the earlier sections to obtain our final results. In Sec. VII we present a brief summary and discuss prospects for our future calculations at physical quark masses. There are three appendices in which we discuss the free lepton propagator in the overlap formalism (Appendix A); the details of the evaluation of the matching constant for bilocal operators in the RI-SMOM and MS renormalization schemes (Appendix B) and finally a discussion of the finite-volume effects for the W-W class of diagrams (Appendix C).
II. BRIEF OVERVIEW OF K
We begin this section with a brief overview of the importance of K → πνν decays as a probe for possible new physics and summarize the current status of experimental measurements of their decay widths. We then explain what we mean by the long-distance contributions to the K þ → π þ νν decay amplitude in Sec. II B and quote phenomenological estimates that they are of the order of a few percent [2] . In Sec. II C we outline the procedure for calculating the long-distance contributions nonperturbatively in lattice simulations, focussing in particular on the renormalization of bilocal operators. More details are then given in the following sections.
A. Probing new physics with the rare kaon decays K → πνν
As flavor-changing-neutral-current (FCNC) processes, the leading contributions to K → πνν decay amplitudes are genuine one-loop electroweak effects, usually described by the following OðG Thus the dominant contribution to the K → πνν amplitude comes from the internal top quark loop. From Eq. (1) we see that compared to the tree-level semileptonic decay K → πlν l , the rare kaon decay is suppressed by a factor of N ≃ α 2πsin 2 θ W λ t λ X t ðx t Þ. The Cabibbo-Kobayashi-Maskawa (CKM) factor λ q is defined as λ q ¼ V Ã qs V qd , λ ¼ jV us j and numerically λ t λ ¼ Oðλ 4 Þ. α is the electromagnetic finestructure constant and θ W is the Weinberg angle. The topquark loop function X t ðx t Þ is known up to NLO QCD corrections [5, 7] and two-loop EW contributions [8] . The estimate of X t ðx t Þ ¼ 1.481ð9Þ [9] suggests a suppression of N ≃ 2 × 10 −5 in the standard model (SM). Thus this decay channel can be used to probe the new physics at the scales of N semileptonic decay K → πlν l using an isospin rotation [13] . As a result, the SM predictions for the branching ratios of K → πνν decays, [9] BrðK þ → π þ ννÞ SM ¼ 9.11ð72Þ × 10 −11 ;
BrðK L → π 0 ννÞ SM ¼ 3.00ð30Þ × 10 −11 ; ð2Þ
can be determined to a precision of about 10%. This is considerably better than the precision of the previous experimental measurements [14] [15] [16] [17] [18] [19] [20] 
motivating the new generation of experiments designed to search for these rare decay events. The NA62 experiment at CERN aims to obtain Oð100Þ events in 2-3 years and will thus test the SM at a 10% precision [21] . The search for K L → π 0 νν decays is more challenging, since all the particles in the initial and final state are neutral. The KOTO experiment at J-PARC is designed to search for K L decays [22] . It has observed one candidate event while expecting 0.34 (16) background events and set an upper limit of 5.1 × 10 −8 for the branching ratio at 90% confidence level [23] .
B. Long-distance contributions to K → πνν decays
We have seen that the dominant contribution to K → πνν decay amplitudes comes from the top quark loop. As a CPviolating decay, whose amplitude is proportional to the imaginary parts of the λ q , the K L → π 0 νν process is completely short-distance (SD) dominated and thus does not require a lattice QCD calculation of long-distance effects. On the other hand, for the CP-conserving K þ → π þ νν decay, there is an enhancement of the charm-quark contribution, since the corresponding CKM factor, λ c , is much larger than that for the top-quark loop, λ c ≫ λ t . This enhancement makes the charm quark contribution important; neglecting it would reduce the theoretical estimate for the branching ratio by a factor of about 2. At leading order of QCD perturbation theory, i.e., Oðα 0 S Þ, Inami and Lim's calculation [6] suggested that the charm-quark contribution is dominated by SD physics, which receives contributions from energy scales ranging from the mass of the W-boson, μ ¼ OðM W Þ, to that of the charm quark, μ ¼ Oðm c Þ, leading to an enhancement factor of lnðM However, when higher-order QCD corrections are included, this enhancement is significantly reduced [4] . As a consequence, the precise determination of the longdistance (LD) contribution becomes more important.
We now clarify what we mean by the LD contributions by sketching the general procedure used to perform the calculation. We start by integrating out the W and Z bosons in order to explore the bilocal structure of the charm-quark contribution to the K þ → π þ νν decay amplitude. The transition amplitude takes the form:
where we have used the notation fQ Here Q A;B are local operators appearing in the first-order effective weak Hamiltonian from W and Z exchange, the superscript S indicates the renormalization scheme used to define them and C A;B are the corresponding Wilson coefficient functions. The label S 0 specifies the scheme used to define the bilocal operator and to remove the additional ultraviolet divergence present when x → 0. A sum over the relevant operators Q A;B is implied. In Eq. (4) both S and S 0 denote the MS scheme, but in order to obtain the matrix elements in the MS scheme from a lattice simulation we need to introduce intermediate renormalization schemes as discussed in the following subsection. At the scale μ (at this stage m c < μ < M W ), the transition amplitude is separated into a bilocal component fC (4) is required to fully match the SM, and in particular the SD contributions, to the effective theory. The coefficients C A ðμÞ, C B ðμÞ and C 0 ðμÞ can be determined using NNLO QCD perturbation theory [11] .
The next step in the conventional approach is to integrate out the charm quark field in the bilocal term; this is schematically represented by
where the parameter r MS AB ðμÞ can be calculated using QCD perturbation theory and the hadronic matrix element of Q MS 0 ðμÞ can be determined from the experimental measurement of K l3 decays. To estimate the remaining LD contributions, the authors of Ref. [2] have taken into account and estimated the matrix elements of local FCNC operators of dimension eight, such as ðsΓ∂ μ dÞ × ðνΓ∂ μ νÞ, where Γ represents a Dirac matrix, and used chiral perturbation theory. They find that this contribution is δP c ¼ 0.04 AE 0.02 which enhances the branching ratio BrðK þ → π þ ννÞ SM by 6%. However, at the charm quark mass scale μ ¼ Oð1 GeVÞ, it is doubtful whether the operator product expansion converges very well and one can also have reservations about the precision of perturbation theory. Integrating out the charm quark may therefore constitute a source of uncontrolled theoretical uncertainty. We therefore, proposed in Ref. [3] to keep the charm quark as a dynamical degree of freedom and to calculate the bilocal matrix element hπ þ ννjfC
MS μ jK þ i directly using lattice QCD at a scale μ > m c where perturbation theory can be used more reliably. In this way we calculate the transition amplitude in Eq. (4) fully and directly. In principle therefore, we do not need to talk about the separation of long-and short-distance contributions, but to be definite we simply call the long-distance contributions to be the bilocal term
. This matrix element of the bilocal operator is of course scale dependent; here we simply require that μ > m c and is sufficiently large for perturbation theory to be reliable.
An interesting question is to what extent is P c − P PT c , the difference between the full lattice result of the charm-quark contribution to the amplitude P c and that obtained using perturbation theory P PT c combined with the matrix element of Q MS 0 from K l3 decays, estimated reliably. Lattice computations will be able to answer this question. We have seen above that a phenomenological study has estimated a correction of δP c ¼ 0.04 AE 0.02 [2] .
Using the results from NNLO QCD perturbation theory [11] , we find that at a scale of μ ¼ 2.5 GeV, the bilocal contribution C The operators in Eq. (4) are defined in the MS scheme. Since this scheme is purely perturbative, we cannot compute matrix elements of operators defined in the MS scheme directly using lattice QCD. In the following subsection we explain the procedure used to overcome this.
C. Introduction to the lattice methodology
There has been a series of lattice QCD studies of rare kaon decays [1, 3, [24] [25] [26] [27] [28] [29] [30] [31] [32] . The general lattice QCD method to calculate second-order electroweak amplitudes has been developed in Refs. [33] [34] [35] . It has been successfully applied to the lattice calculation of the K L -K S mass difference [36, 37] and is currently being applied to the evaluation of the LD contribution to the indirect CPviolating parameter ϵ K [38] . The possibility of calculating rare kaon decay amplitudes using lattice QCD was first proposed in Ref. [24] . A more detailed method to calculate the K → πl þ l − decay amplitude was later developed in Ref. [28] and applied to a first exploratory lattice QCD calculation in Ref. [32] . These same techniques were also applied to the calculation of the LD contribution to the K þ → π þ νν decay amplitude in Ref. [3] , in which a method was presented to combine the LD contribution computed using lattice QCD with the SD components determined using perturbation theory, including a consistent treatment of the logarithmic singularities present in the LD and SD contributions.
The discussion below follows Ref. [3] . Since the MS scheme is purely perturbative, we cannot compute matrix elements of operators defined in the MS scheme directly using lattice QCD. We therefore employ an intermediate RI/SMOM scheme and write the MS bilocal operator in (4) as
Given an operator Q, Z RI→MS Q is a conversion factor from the RI/SMOM to the MS scheme:
ðμ=μ 0 ÞQ RI ðμ 0 Þ (more generally, when there is mixing of operators, as in the present case, Z is a matrix). For compactness of notation we denote operators renormalised in the RI/SMOM scheme with the superfix RI and the precise choice of momenta used to define this scheme will be presented in Sec. IV. The local term Y AB ðμ; μ 0 ÞQ RI 0 ðμ 0 Þ accounts for the difference between the bilocal operators in the MS and RI/SMOM scheme. The bilocal operator fQ
Here Q lat A and Q lat B are bare lattice operators and a is the lattice spacing. A counterterm X AB ðμ 0 ; aÞQ RI 0 ðμ 0 Þ is introduced to remove the SD singularity in the product Q lat A ðxÞQ lat B ð0Þ as x → 0. After including the counterterm the bilocal operator fQ
is independent of the ultraviolet cutoff 1=a. The explicit renormalization conditions used to determine the coefficient X AB ðμ 0 ; aÞ and Y AB ðμ; μ 0 Þ are given in Ref. [3] .
III. NUMERICAL EVALUATION OF HADRONIC MATRIX ELEMENTS
In this section we describe the details of the computation of the bilocal operators in lattice simulations. We start by presenting the parameters and details of our exploratory simulation in Sec. III A. We then, in Sec. III B, discuss the kinematics of the K þ → π þ νν decays and explain our choice of the momenta of the external particles. The bilocal operators relevant for these rare decays are explicitly introduced in Sec. III C. The evaluation of the amplitude also requires the determination of a number of matrix elements of local operators; these are identified in Sec. III D together with a detailed discussion of their evaluation. The evaluation of the matrix elements of the bilocal operators for the W-W and Z-exchange diagrams (introduced in Sec. III C below) is presented in Secs. III E and III F respectively.
A. Details of the simulation
In this work we use configurations generated by the RBC-UKQCD collaborations with 2 þ 1 flavors of domain wall fermions and the Iwasaki gauge action. Because of the importance of the GIM cancellation in this decay, we use four flavors of valence quarks including an active charm quark. However, we neglect the contribution of the charm quark to the fermion determinant. The results presented here are from an ensemble on 16 3 × 32 × 16 lattices with an inverse lattice spacing of a −1 ¼ 1.729ð28Þ GeV and a box size of L ¼ 16 a ¼ 1.83 fm [39] . The residual mass is determined to be m res a ¼ 0.00308ð4Þ and the extent of the fifth-dimension is L s ¼ 16. 
B. The kinematics
Given the momenta p K , p π , p ν and pν, one can define three Lorentz invariants
where two of them are independent:
Here we use a Euclidean metric with the signature (þþþþ) so that an on-shell momentum is written as p π ¼ ðiE π ; p π Þ for a pion, and a minus sign appears in the definition for s, t and u. Defining Δ ≡ u − t, the physical region for (Δ, s) is denoted by the bounds
and is illustrated in Fig. 1 . In our lattice calculation we take the kaon to be at rest so that p K ¼ ðim K ; 0Þ. The pion's three-momentum is then given by
Without loss of generality, we choose the direction of the pion's momentum to be p π ¼ jp π j ffiffi 3 p ðe x þ e y þ e z Þ, where e i is the unit vector in the i-direction. We decompose the spatial momenta of the neutrino and anti-neutrino into components parallel and perpendicular to p π writing
where p kð⊥Þ is parallel (perpendicular) to p π . The values of p k and p ⊥ are given by
where e ⊥ is any unit vector perpendicular to p π . We use twisted boundary conditions to implement the momenta given by Eqs. (10)- (12) . Using the Dirac equation for the massless neutrinos, one can show that the magnitude of the decay amplitude vanishes at the edge of the physically allowed region, where the momenta satisfy the condition
We are therefore more interested in momenta that are well inside the region and a natural choice is ðΔ; sÞ ¼ ð0; 0Þ, which corresponds to the case in which the ν andν carry the same spatial momentum and the pion moves in the opposite direction with twice the momentum of each of the ν andν. Since we perform the calculation at m π ¼ 420 MeV, the allowed momenta for the final-state particles are constrained to lie in a small region. Given this small momentum range we expect that it will be difficult to extract reliably the momentum dependence. For this reason, in this exploratory study we devote our computational resources to evaluating the amplitude at the single kinematical point with ðΔ; sÞ ¼ ð0; 0Þ. The situation is expected to change once we perform the calculation at physical quark masses. In that case we will need to compute the K þ → π þ νν amplitude at several values of (Δ, s) to gain 
Here jp π j ¼ 0.0717 is only about 18% of the lowest lattice momentum with periodic boundary conditions, 2π=L ¼ 0.3927.
C. The bilocal operators
There are two classes of diagrams which contribute to K þ → π þ νν decays, we call these the W-W and Z-exchange diagrams. In the W-W diagrams the secondorder weak transition proceeds through the exchange of two W-bosons, while for the Z-exchange diagrams the decay occurs through the exchange of one W-boson and one Z-boson; both classes of diagrams are illustrated in Fig. 2 . The bilocal contribution to the decay amplitude is a combination of these two types of diagrams so that it can be written in terms of the matrix element hπ þ ννjBð0ÞjK þ i, where the bilocal operator BðyÞ receives contributions from both B WW ðyÞ and B Z ðyÞ 
where Z V ¼ Z A is the renormalization factor relating the local lattice vector or axial-vector current (which we use) to the conserved or partially conserved ones and is effectively the corresponding Wilson coefficient. By taking the ratio of two-point functions computed with the local and conserved axial currents we obtain Z A ¼ 0.7163, which is consistent with the result quoted in Ref. [41] . The two effective operators for the Z-exchange diagrams are given by
with Q 1;q and Q 2;q the conventional current-current operators and J Z μ the quark current which couples to the Z 0 . Their definition is given in Eq. (15) of Ref. [3] , where a discussion of the corresponding operator renormalization from the lattice to the MS scheme is also presented.
D. Matrix elements of local operators
In addition to the evaluation of the matrix elements of the bilocal operators discussed in Sec. III C, which is the main task of this work, there are three types of matrix elements of local operators which must be computed in order to determine the Table I and will be used below for the analysis of the second-order weak transition amplitude. We now proceed to a discussion of the evaluation of the matrix elements of these local operators.
Correlators and propagators
In Matrix element for the SD contribution
Matrix element relevant for low-lying intermediate states In Eq. (20) the operator O can be a vector or axial-vector current, the current-current operators Q 1q and Q 2q or the scalar densitysd. The interpolating operators ϕ A;B are constructed using twisted boundary conditions to ensure that the corresponding states have the required momenta. Translation invariance then implies that the correlation functions in Eq. (20) do not depend on the spatial position ⃗ x of the operator Oðt O ; ⃗ xÞ. In order to obtain a better precision we treat ⃗ x as the sink of the quark propagators and sum over ⃗ x with the appropriate phase factor to account for the momentum transfer between states A and B. The resulting volume factor in the 3-point function cancels with that from the 2-point functions used to determine N A and N B .
The operators Q 1;q and Q 2;q can induce closed quark loops in the contractions. We therefore need to calculate the light and charm quark propagators D −1 u;c ðx; xÞ for all possible x and using random-source propagators is a natural way to evaluate these quark loops [32] . For a similar cost, one can either put one random wall source at each of the T time slices or use N r ¼ T random volume sources with no dilution in the time slices. Although the cost of these two choices is almost the same, the latter one reduces the error by a factor of 1.5 compared to the former. We thus use N r ¼ T ¼ 32 random volume source propagators to calculate the light and charm quark propagator D −1 u;c ðx; xÞ for all possible x. We also make use of the time translation invariance and average the correlator over all T time translations
By doing this, our results show that the statistical error can be efficiently reduced by nearly a factor of ffiffiffi ffi T p . The time translation average requires the wall-source propagators to be generated on all time slices. This can be achieved in an efficient way by calculating the low-lying eigenvectors of the Dirac operator using the Lanczos method and then using low-mode deflation to accelerate the light-quark inversions. Working on the 16 3 × 32 lattice, we find that by using 100 eigenvectors in low-mode deflation the light-quark conjugate gradient (CG) time is reduced to 16% of that required for the CG inversions without lowmode deflation.
Exploiting isospin symmetry to simplify the derivation of the contractions
Since this computation is performed in the isospinsymmetric limit, we can exploit this symmetry to derive the necessary contractions more readily. For example, we have the following relations between the matrix elements:
The matrix elements on the right-hand side have simpler contractions since they do not involve the neutral pion, the π 0 . More precisely, although the final set of contractions is of course the same, by using the relations in Eqs. (22) there are fewer cancellations of diagrams in intermediate steps of the calculation.
We now express some of the matrix elements in Table I in terms of invariant form factors:
where s ¼ −ðp K − p π Þ 2 for the K l3 form factors f þ;−;0 ðsÞ and s ¼ −ðp 1 − p 2 Þ 2 for the pion form factor F π ðsÞ. In Eqs. (23) and (25), Z V is the renormalization constant relating the local vector current to the conserved one. The momentum p i is a Euclidean four-momentum defined as p i ¼ ðiE i ; p i Þ with E i and p i the energy and spatial momentum of the corresponding on-shell particle. The scalar form factor is a linear combination of f þ ðsÞ and f − ðsÞ:
which follows from Eqs. (23) and (24) and a chiral Ward identity. The current-current operators Q i;u in Eq. (19) are linear combinations of ΔI ¼ 3=2 and ΔI ¼ 1=2 operators. Only the ΔI ¼ 3=2 component contributes to the
where the operator with isospin
One can now use the Wigner-Eckhart theorem for isospin symmetry and write the matrix element for the K → ðπ þ π 0 Þ I¼2 decay in terms of that into the maximally extended state jπ þ π þ i:
where
The determination of the necessary contractions is simpler using the matrix element for the (29) was used throughout the RBC-UKQCD collaborations' computations of the ΔI ¼ [42] [43] [44] . The motivation in Refs. [42] [43] [44] was different however; there it was to use antiperiodic boundary conditions on the u quark to match the I ¼ 2, ππ ground-state energy to the mass of the kaon, m K .)
Around-the-world effects
To extract the matrix elements one needs to determine the coefficients N A and N B for A;
one has to consider the subtlety of round-the-world effects. The corresponding two-point function is given by
Here an unwanted term, N 0 ðTÞ (proportional to e −E π T where E π is the energy of a single pion), is induced by the around-the-world effects in which each of ϕ ππ interpolating operators in Eq. (30) creates one pion and annihilates another. We can remove this term by performing the subtraction through
For the single-pion 2-point function, C π ðtÞ, where the pion has energy E π , we have
By constructing the ratio Rðt þ
, we can determine N ππ and δE ≡ E ππ − 2E π from [45] Rðt þ 1=2Þ ¼ A R ðcoshðδEt 0 Þ þ sinhðδEt 0 Þ cothð2E π t 0 ÞÞ; where
At threshold (i.e., with E π ¼ m π ) we obtain δE ¼ 0.01803ð32Þ from which, using Lüscher's finite-size formula [46] , we find m π a ππ ¼ −0.2816ð43Þ, where a π is the π-π scattering length. This result is close to the estimate
2978ð23Þ from leading-order chiral perturbation theory (ChPT) [47] . Here we have used the values am π ¼ 0.24360ð47Þ and af π ¼ 0.08904ð19Þ from our simulation. The difference between the values deduced from δE and LO ChPT is expected to be due to higher-order terms in ChPT, as well as to possible systematic effects.
Lattice results
Consider the time-dependent amplitudeM AOB ðt 2 ; t 1 ; 0Þ defined in Eq. (21). We require t 2 − t 1 and t 1 − 0 to be sufficiently large to suppress the contamination from excited states and t 2 ≪ T to suppress around-the-world effects. In practice we define M mid AOB ðtÞ ≡M AOB ðt;
2 ; 0Þ) and choose appropriate values for t to control both the excited-state and around-the-world effects. By studying the t dependence of M mid AOB ðtÞ we determine the local matrix element hAjOjBi and present the corresponding results in Table II. In the table we present the  values of 
elements required for the analysis, and in particular for the subtraction of the exponentially growing contributions from low-lying states. Although in this simulation m K < 2m π , so that there are no exponentially growing contributions from two-pion intermediate states, we include below an explicit discussion of the jðπ þ π 0 Þ I¼2 i state and the evaluation of the corresponding matrix elements in preparation for simulations with physical quark masses for which m K > 2m π . In the final two columns of Table II we present the K l3 form factors f þ ðsÞ, f − ðsÞ and f 0 ðsÞ, the pion form factors F π ðsÞ, and For the π þ π 0 contribution to the Z-exchange diagrams, we determine the matrix element hπ (22) . Here the two-pions are in the ground state, i.e., at threshold.
E. Evaluation of the matrix element of the bilocal operator for the W-W diagrams
In this section we discuss the evaluation of the matrix element of the bilocal operator B WW ðyÞ defined in Eq. (16) . The matrix element T WW for the W-W diagrams is given by
As explained in Ref. [3] , T WW can be written in terms of the scalar amplitude F WW ðΔ; sÞ and leptonic spinor product uðp ν Þp K ð1 − γ 5 ÞvðpνÞ:
where the variables Δ and s are defined in the paragraph following Eq. (8) . In practice one can obtain F WW ðΔ; sÞ through [3]
where the coefficient c μ is given by
The hadronic and leptonic parts, H αβ ðx; yÞ and Γ αβ ðx; yÞ, are defined by
where S l ðx; yÞ is the free lepton propagator for l ¼ e, μ or τ.
Construction of the correlation function
Similarly to the calculation of the matrix elements of local operators, we use Coulomb-gauge wall-source 
Similarly, when the π þ;0 in the intermediate state is at rest,
and hðπ þ π 0 Þ I¼2 ð0ÞjQ 2;q jK þ ð0Þi are equal.
Matrix elements for the SD contribution
Matrix elements relevant for the contributions of low-lying intermediate states 
Matrix element for the subtraction in the effective Hamiltonian (2) interpolating operators to create the kaon in the initial state and the pion in the final state. For the two weak operators O ΔS¼1 ql ðxÞ and O
ΔS¼0
ql ðyÞ, one is evaluated at a fixed point which is used as the source for the internal quark lines connected to that operator. The second operator acts as the sink for all the propagators joined to it and is summed over the spatial volume. To gain a higher precision from the time translation average, we calculate the point source propagators at all T time slices. We also exchange the source and sink locations between the two weak operators and average over both choices.
Lepton propagator with infinite time extent
A subtlety in the calculation of the W-W diagrams is the inclusion of the lepton propagators, S l ðx; yÞ. For the light leptons l ¼ e, μ the round-the-world effects are significant in our lattice calculation with temporal extent T ¼ 32. To solve this problem, we first write the lepton propagator in the spatial momentum-time mixed representation
where S l ðp; p 4 Þ is the lepton propagator in momentum space. We then construct the propagator with infinite time extent as
Instead of using S ðTÞ l ðp; tÞ with periodic boundary condition we use the time-truncated lepton propagator S ½T l ðp; tÞ to avoid round-the-world effects
Such a time-truncated lepton propagator is implemented using an overlap fermion formulation. The detailed expression of S ½T l ðp; tÞ can be found in Appendix A.
Using twisted boundary conditions to insert momenta
In the present computation, the kaon is at rest, while the pion, neutrino and antineutrino in the final state have nonzero momenta as indicated by Eq. (13) . We therefore use twisted boundary conditions for the d quark to insert the nonzero momentum p π for the pion in the final state. Spatial momentum conservation implies that in the process indicates that the particles are off-shell and X represents hadrons or the vacuum. We use twisted boundary conditions for the lepton field and periodic boundary condition for internal up and charm quark fields. In this way, the lepton l þ has momentum
L n, where n ¼ ðn 1 ; n 2 ; n 3 Þ, n i ∈ f0; 1; …; L − 1g, and the hadronic particles X have a total spatial momentum
Exponentially growing unphysical terms
In the evaluation of integrals of matrix elements of bilocal operators over a large, but finite Euclidean time interval, there exist unphysical terms which grow exponentially as the range of the time integration is increased. Given the bilocal matrix element 
The second and third lines of Eq. (42) give the second-order weak matrix element together with the unwanted exponential terms. For the intermediate states jni ¼ jl þ νi and jπ 0 l þ νi, the factor e ðE K −E n ÞT a increases exponentially as T a increases. We have determined the hadronic matrix elements hπ þ jsγ μ γ 5 dj0i and h0jsγ μ γ 5 ujK þ i from 2-point correlation functions and hπ þ jūγ μ djπ 0 i and hπ 0 jsγ μ ujK þ i from 3-point correlation functions (see Table II for the results). Therefore we can remove these exponentially growing terms directly. At m π ¼ 420 MeV, the exponential terms from the states jni ¼ jππl þ νi and j3πl þ νi vanish at large T a . At the physical pion mass, although the unphysical terms from jππl þ νi and j3πl þ νi grow exponentially at large T a , they are significantly suppressed by phase space and are expected to be negligible in lattice QCD calculations [3] .
Double integration method
Since the point-source propagators are placed on each time slice, we can adopt the method proposed in Ref. [36] and perform the time integral over the time locations of both O
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where the interval size T box ¼ t b − t a þ 1. Given the time locations t K for the kaon interpolating operator and t π for the pion operator, t a and t b are required to satisfy t K ≪ t a and t π ≫ t b to guarantee ground-state dominance. In practice, we find that for t a − t K ≥ 6 and t π − t b ≥ 6, the excited-state effects can safely be neglected. Therefore, given t π and t K , we can change T box in a range of ½1; t π − t K − 11. We can also increase the separation between t π and t K to increase the upper bound for T box .
On the other hand, t π − t K should not be too large in order to suppress the around-of-world effects. In our calculation, the time extent of the lattice is T ¼ 32. We compute propagators for both periodic and antiperiodic boundary conditions in the temporal direction and use their average in the calculation. This trick effectively doubles the temporal extent of the lattice and suppresses round-the-world effects to a negligible level when we choose the maximal value of t π − t K ¼ 30. For each t π − t K separation, we shift the whole system in the temporal direction and perform the average over all time slices by using time translation invariance. We find that such an averaging effectively reduces the statistical uncertainty by a factor of about 1= ffiffiffi ffi T p . After we obtain the matrix element using the doubleintegration method for various values of T box , we remove the unphysical terms associated with the jl þ νi and jπ 0 l þ νi intermediate states. We then fit the T box dependence of the double-integrated matrix element to a linear function b 0 þ b 1 T box . The slope b 1 yields the physical bilocal matrix element. Fig. 2 , the corresponding unintegrated scalar amplitude is shown in the left panel of Fig. 3 . For the time region in which t ΔS¼1 ≪ t ΔS¼0 , this amplitude is dominated by the contribution from ground state, i.e., the jl þ νi state. From among the three lepton flavors l ¼ e, μ, τ, we observe the exponentially growing time dependence for the muon. This is to be expected since the muon mass is lighter than the initial kaon mass. For the electron e, the exponentially growing behavior does not appear due to the helicity suppression in the process of K þ → e þ ν → π þ νν. For the τ flavor, since the intermediate states are much heavier than the initial state, there are no exponentially growing contributions.
Lattice results for the W-W diagrams
We perform the double integration and show the matrix element as a function of T box in the right panel of Fig. 3 . The data points marked by the red triangles show the amplitude for the muon, which contains the exponentially growing term. The red square points show the same amplitude after the subtraction of the unphysical exponentially growing terms. After removing the unphysical term, the data is well described by a linear function and by performing a fit we determine the scalar amplitude F WW ðΔ; sÞ for the three lepton flavors. The corresponding results are shown in Table III . For comparison, we also calculate the scalar amplitude including only the contributions from the ground jni and jn s i states,
and f π and f K are the pion and kaon decay constants. As shown in Table III , the ground-state dominates the contributions to the Type 1 diagram, and the effects of excited intermediate states are very small (≲3%). In contrast to the Type 1 diagram, even after the GIM subtraction, the Type 2 diagram contains a logarithmic SD (ultraviolet) divergence which needs to be removed as explained in detail in Sec. IV. The unintegrated scalar amplitude is shown in Fig. 4 Lattice results, in lattice units, for the scalar amplitude from the W-W diagrams. The third and fifth columns show the contributions from the ground states as explained in the text. 
The integrated scalar amplitude for the Type 2 diagram is shown in Fig. 5 . After removing the exponential unphysical contributions and fitting the lattice data to a linear function of T box , we determine the values of F WW and include them in Table III . We also compute the contributions from the lowest jπ 0 l þ νi intermediate state and compare them with the total result for the Type 2 diagram. For the muon the contribution from jπ 0 μ þ νi is only 16% of the total contribution. Significant contributions come from the excited states, suggesting that the amplitude for Type 2 diagram contains a large SD contribution. This SD contribution is cut off by the unphysical lattice scale 1=a. We must introduce a counter term to obtain the physical amplitude, as explained in Sec. IV below.
F. The matrix element of the bilocal operator for the Z-exchange diagrams
Examples of Z-exchange diagrams are given in Fig. 2 . We write the bilocal matrix element in the form
where O W q and O Z l are defined in Eq. (19) . The hadronic part of T Z is given by
We separate T Z μ into two parts:
μ , corresponding to the vector (V) and axial vector (A) components of J Z μ . The K → πZ Ã form factors are conventionally defined by
Since the spinor productūðp ν Þq ð1 − γ 5 ÞvðpνÞ vanishes for massless neutrinos, only the form factors F Z;i þ ðq 2 Þ contribute to the decay amplitude. For the vector current, the Ward-Takahashi identity guarantees
For the axial vector current, in order to determine F 
Quark loops and disconnected diagrams
The operators O W q defined in Eq. (19) can induce closed quark loops through the contraction of u and c-quark loops. Given each gauge configuration, the N r components of the random volume-source light and charm quark propagators, which have already been used for the 3-point correlator, can also be used for the 4-point correlator. In addition, in order to be able to evaluate the disconnected diagrams in which πO W q K and J Z μ form two separate loops, we have also calculated 32 random volume-source propagators for the strange quark. Thus we can perform a full calculation, which includes all connected, self-loop and disconnected diagrams. exists) . For the current lattice calculation, since m K < 2m π , no removal of such an unphysical term is required. Nevertheless the evaluation of these matrix elements of local operators allows us to determine the contribution to the Z-exchange diagrams from the ππ intermediate ground state in preparation for future simulations at physical lightquark masses.
Using chiral ward identities to remove the unphysical terms

The local vector current and the short-distance divergence
If one uses the conserved vector current, then gauge invariance implies that one can write T
The simplest choice of momenta for the K → πZ Ã transition is p K ¼ p π ¼ 0, where p K and p π are the spatial momenta of the kaon in the initial state and the pion in the final state. Such a choice of momenta is not very useful however, since the kinematic factor −
is then equal to 0. As a consequence, the transition amplitude T Z;V μ ð0; 0Þ vanishes. However, by using the local vector current instead of the conserved one, this simple choice of momenta proves to be useful in making a SD correction as we now explain.
With the local vector current we can no longer use the Ward-Takahashi identity to obtain (52) . The operator product expansion of Q i;q ðxÞJ V loc μ ð0Þ can be written in the form
where γ L μ ≡ γ μ ð1 − γ 5 Þ and for compactness of notation we have suppressed the label i on the right-hand side. Dimensional analysis shows that the coefficient c 1 ∼ 1=x 6 at small distances, leading to a 1=a 2 quadratic divergence after integration over x, while c 2 and c 3 both ∼1=x 4 corresponding to a log a 2 logarithmic divergence. All the higher-dimension terms are accounted for by the ellipsis in Eq. (53) . It is the c 2 -term which is physical and the terms with coefficients c 1 and c 3 appear because of the use of the local vector current. By applying the GIM mechanism, i.e., subtracting the charm quark contribution (i ¼ c) from that of the up quark (i ¼ u) we reduce the divergence in the integrated correlation function from the term proportional to c 1 to a logarithmic one and remove the divergences from the terms proportional to c 2;3 , leaving them finite. The logarithmic divergence in the term proportional to c 1 arises from the contact term as x approaches 0 in Q i;q ðxÞJ V loc μ ð0Þ. In order to subtract this divergence we introduce a counterterm X Vs γ
and the superscript V loc indicates the insertion of the local vector current. A natural condition which can be
Once X V is determined, we obtain the form factor F Z;V þ ðsÞ for the choice of momenta in (13) with the contact term removed using 
and f þ ðsÞ is defined in Eq. (23) . For the particular choice of momenta given in Eq. (13) Note that the term proportional to c 3 vanishes in the continuum limit. Having used the GIM mechanism to reduce the degree of divergence and subtracted the remaining contact term by introducing the counterterm, we can relate the conserved and local vector currents (J Since the artifacts vanish in the continuum limit, so does c 3 .
Single integration method
As explained in Sec. III E 5, when calculating the matrix element for the W-W diagrams we have used the double integration method. At large T box the method requires the lattice data to be fit using a simple linear function. However, the drawback of this method is that the lattice data for small separations t 2 − t 1 of the two weak operators are included only when the source-sink separation t π − t K ≫ T box . In fact, this data will accurately contribute to the bilocal matrix element provided t π − t K ≫ jt 2 − t 1 j.
The smaller values of t π − t K allowed by this less stringent condition will give data with smaller errors. The single integration method described in this section makes use of this more accurate data, and are able to significantly improve the precision for the Z-exchange diagrams. For the W-W diagrams the lepton in the intermediate state is not affected by the gauge noise and there would be no improvement.
For the Z-exchange diagrams we adopt the single integration method. Given the time locations of the kaon and pion interpolating operators, t K and t π respectively, we determine the unintegrated matrix element using
By examining the numerical results for T Z;i μ ðt π ; t H ; t J ; t K Þ as functions of t H and t J , we conclude that for t π − t H;J ≥ 6 and t H;J − t K ≥ 6, the effects from excited states can be safely neglected (this is consistent with the corresponding observations for the W-W diagrams). For such time separations, by using time-translation invariance T Z;i μ ðt π ; t H ; t J ; t K Þ only depends on the time difference between t H and t J . For fixed time separations t ¼ t H − t J (but different locations of t J ) we fit the matrix elements T Z;i μ ðt π ; t H ; t J ; t K Þ to a constant and obtain the average valuē T Z;i μ ðt π ; t; t K Þ. We then use these results forT Z;i μ ðt π ; t; t K Þ, to perform a second fit, this time over t π and t K for each value of t. In this way, we obtain the matrix elementT Z;i μ ðtÞ, which contains the information from all the lattice data constrained by ft π ; t H ; t J ; t K jt H − t J ¼ t; t H;J − t K ≥ 6; t π − t H;J ≥ 6g. We then perform a single integration of T Z;i μ ðtÞ over the variable t in the range −T box ≤ t ≤ T box and find the plateau for large T box , once the unphysical terms growing exponentially with T box have been removed. Since all the possible data for t H − t J ¼ t have been used, the single integration method decreases the statistical error for the Z-exchange diagrams by 30%-40% when compared to the double integration method.
Lattice results
We start by presenting the numerical results for the vector current component of J is a spacial one, i.e., when μ ¼ i ¼ x, y or z, the matrix element is suppressed by a factor of p π;i =m K as shown in Eq. (52) . For this reason and in order to facilitate the comparison of the matrix element at zero and nonzero p π we plot the matrix element with μ ¼ t. The black circle data points show the lattice results for the momentum p K ¼ p π ¼ 0; the red square points show the results for p K ¼ 0 and with p π taking the nonzero value given in Eq. (13) . As p π is small, it is not surprising that the black circle and red square data points are very close to each other.
In the time region t ≪ 0, the dominant intermediate state is the jπ þ i. Since this state is lighter than the initial kaon there is an exponentially growing contribution as shown in the upper panel of Fig. 6 . We remove this unphysical contribution by adding to the weak Hamiltonian a term proportional to the scalar density c ss d, with the value of c s given in Table II and show in the lower panel of Fig. 6 that after correction the lattice data does indeed converge to a constant at t ≪ 0.
For both the vector and axial-vector components of the weak current J Z μ we have only calculated the contribution of the disconnected diagrams with p K ¼ p π ¼ 0. For the vector current, the Ward identity implies that the amplitude is zero in this case (i.e., the numerical results are simply gauge noise) and so we do not include the contribution from the disconnected diagrams in Fig. 6 . For the axial current the amplitude does not vanish for p K ¼ p π ¼ 0 and below we do include the contribution from the disconnected diagrams in Fig. 7 and the corresponding text.
For the axial-vector current component of J Z μ it is not possible to use the (partially) conserved current to avoid having to make a subtraction of the short-distance divergence, as was done for the vector current in Sec. III F 3. We therefore use the local axial-vector current and follow the general procedure for the subtraction of the SD divergence using the RI/SMOM intermediate scheme, as explained in detail in Sec. IV. The unintegrated matrix elements are shown in Fig. 7 . At t ≪ 0 the time dependence is dominated by the two-pion state, whose energy E ππ ≈ 2m π with, in this simulation, m π ¼ 420 MeV which is larger than the initial kaon mass. Thus we do not observe the exponentially growing t dependence.
In addition to the connected diagrams in Fig. 2 , we also calculate the disconnected diagrams and produce results including all quark contractions. The summation of up, down and strange quark loops vanish in the flavor SUð3Þ limit. The remaining charm quark loop is suppressed due to the heavy charm quark mass. So we expect that the absolute size of the disconnected diagrams is small. This expectation is confirmed by a comparison between disconnected data points (the green diamond symbol in Fig. 7) and the connected and self-loop ones (the black circle symbol). Due their small size, although the disconnected diagrams have much larger relative statistical errors, they do not contribute a large uncertainty in the total decay amplitude. Thus a complete lattice QCD calculation including all the diagrams is practical.
The lattice results for the matrix elements of the bilocal operators from the Z-exchange diagrams are summarized in Table IV . The lattice data are shown in three columns for the Q lat 1;q and Q lat 2;q operators and also for the combination C Table IV , starting at the top we first show the matrix elements for the K þ ð0Þ → π þ ð0Þ transition. For the vector-current component, these matrix elements can be used to determine the coefficient X V of the counterterm and to correct the SD divergence for the Q i;q ðxÞJ Z;V loc μ ð0Þ bilocal operator. For the axial vectorcurrent component, we can use these matrix elements to boundary conditions. Next in Table IV we show the matrix elements for the K þ ð0Þ → π þ ðpÞ transition, where the spatial momentum of the pion is given by Eq. (13) . Due to the nonzero momentum of the pion, we are able to obtain the scalar function F Z;i þ ð0Þ from these data. From Table IV we obtain the following information.
Z-exchange diagrams
(i) The contribution from the vector current F Z;V þ ðsÞ (which is proportional to s) is expected to be much smaller than that from the axial vector current F Z;A þ ðsÞ (which is proportional to m 2 c ). This is confirmed by our lattice data.
(ii) At the special momentum transfer s ¼ 0 we expect that F Z;V þ ð0Þ ¼ 0 because of the Ward-Takahashi identity (49) . This holds for the conserved vector current or, as in the present case, by using the local vector current and subtracting the SD counterterm. We see from the table that after subtracting the counterterm, F Z;V loc þ ð0Þ − X V f þ ð0Þ is consistent with zero within 1σ. We also see that þ ðsÞ, then the disconnected diagrams only make a small contribution to the Z-exchange diagrams. We end this section by estimating the contribution from the lowest energy jðππÞ I¼2 i state to the Z-exchange diagrams. Using the computed matrix elements Table II we construct the ππ contribution as
where Z A ¼ Z V is the (axial) vector current renormalization factor and T u 3 ¼ 1 2 is the weak isospin associated with the axial vector current. The minus sign corresponds to that in the V − A structure of the weak Hamiltonian. We finally determine the ππ contribution to the form factor using Table IV , suggesting that the dominant contribution to the Z-exchange diagrams comes from higher excited states and SD physics. Once simulations at physical quark masses are performed, when the two-pion state contributes exponentially growing contributions in T box which will need to be subtracted, its contribution to F Z;A þ will have to be studied again.
IV. REMOVAL OF THE SHORT-DISTANCE DIVERGENCE USING NONPERTURBATIVE RENORMALIZATION
In this section we discuss the subtraction of the additional ultraviolet divergences which appear when the two local operators which are the components of a bilocal operator approach each other. In Sec. IVA we review the theoretical background and in Sec. IV B we present the numerical results for the subtraction constants.
A. Nonperturbative renormalization using RI/SMOM scheme
In Sec. III F 3, for the vector current insertion we have used the matrix element of the transition Kð0Þ → πð0Þ to remove the SD divergence in the matrix element of the bilocal operators. Here we describe a more general method to remove the SD divergence, following the procedures developed in Ref. [3] .
Given a bare lattice bilocal operator fQ 
The quark and lepton contractions contributing to the SD divergence are shown in Fig. 8 . We choose the external
The momentum p loop flowing into the internal loop is given by p loop ¼ ðξ; 0; 0; −ξÞ for W-W diagrams and p loop ¼ ð0; ξ; −ξ; 0Þ for Z-exchange diagrams.
For the Z-exchange diagrams the weak Hamiltonian is a linear combination of two operators O 1;q and O 2;q which mix under renormalization. The second operator however, is either the local vector or axial vector current with a multiplicative renormalization constant Z V . For the W-W diagrams both the operators Q A and Q B , i.e., Q ΔS¼1 ql and Q ΔS¼0 ql , renormalize multiplicatively. Nevertheless, in this section we present a general discussion in which both Q A and Q B mix with other operators and in the absence of such mixing the corresponding renormalization matrices in the formulas become numerical constants. In order to allow the RI/SMOM normalization to be imposed at fourmomenta that can be held fixed in physical units in both magnitude and direction when we later perform a continuum extrapolation, we will use twisted external momenta whose components are not necessarily integer multiples of 2π=L [48] .
We perform the calculation in the Landau gauge. Imposing the twisted boundary condition on the quark field, qðx þ LμÞ ¼ e iθ μ qðxÞ, is equivalent to multiplying the gauge field by a factor of e ip μ :
We can consider this multiplication as a global Uð1Þ rotation. Since p 1 ≠ p 2 , we multiply the gauge field by a different factor e ip i;μ when calculating the corresponding quark propagator. Calculating a zeromomentum volume-source quark propagator on the rotated gauge fields U 0 μ naturally assigns the nonzero external momentum p i for the external quark propagator. For the Z-exchange diagram, we rotate the gauge fields with a phase factor of e ip loop;μ . Combining the point-source quark propagators with and without this gauge rotation, we can arrange that the internal loop can carry an appropriately twisted momentum p loop . For the W-W diagram, the momentum p loop is carried by the internal lepton field while the internal quark propagators are calculated with unrotated gauge fields. We treat the position x of one operator as the source and the position y of the other operator as the sink. The source x is treated as a fixed, point source while the sink y is summed over the full space-time volume after the other propagators connected to y have been included. To improve the precision, we place the point source at 32 different positions and then exploit translationinvariance to average over these source locations.
When implementing the nonperturbative renormalization as described above, we impose different (twisted) boundary conditions within the same diagram for different fermion propagators of the same flavor. We argue below that this can be done consistently for connected diagrams evaluated in the perturbative regime. This is in contrast to the use of different boundary conditions for different portions of an amplitude at low energies. For example, the effects of using different boundary condition for the valence and sea quarks require the study of an effective field theory and careful consideration of possible on-shell intermediate states [49] . Our use of multiple boundary conditions is introduced to allow specific external momenta and we now show that the errors introduced by this approach fall exponentially with the volume.
Because the usual RI/SMOM conditions are applied for large nonexceptional Euclidean external momenta, the amplitudes being studied are infrared safe and may be represented by a standard, all-orders perturbative sum. Further, we assume that the twist angles θ μ are rational multiples of 2π, θ μ ¼ 2πðr μ =rÞ for five integers r μ , 0 ≤ μ ≤ 3 and r. For a quark-line-connected diagram of the sort described above a sequence of twisted quark propagators is introduced connecting the vertex at which the twisted momentum enters to the vertex at which it exits so that momentum will be conserved at each vertex of the graph. If this same Green's function were evaluated in a much larger volume of side L 0 ¼ rL, all of the momenta would be integral multiples of 2π=L 0 with no twisting needed.
We now use the Poisson summation formula to argue that these two Green's functions must differ by terms which vanish exponentially in the length L. In both cases we can use momentum conservation to route the twisted external momenta on the same path through the graph. The internal momentum sums for both volumes then involve momenta that are added to the twisted momentum, when present, carried by each quark line. For the original volume L 4 , the result depends on the arbitrary routing of the twisted momentum. For the larger volume ðrLÞ 4 the loop momenta can be redefined to move the path followed within the graph by the external momentum. Since there are no nearby singularities for such an off-shell Euclidean amplitude, the Poisson summation formula guarantees that these two sums over discrete internal momenta, one with r 4 more terms than the other, will differ by terms which vanish exponentially in the distance L [50] .
In the next step we calculate the amputated vertex Γ AB αβρσ from the Green's function through the subscript q indicates the quark flavor space and ν the neutrino flavor space. The color structure is not shown explicitly in ½γ μ ð1 − γ 5 Þ q since at tree level it is trivial. We useΓ to construct the projector 
to define the bilocal operator in the RI/SMOM scheme
The local operators in the RI/SMOM scheme Q 
where it is understood that a sum is to be performed over the operator types C and D which mix with A and B respectively. Once the renormalization condition (66) has been specified, the bilocal operator fQ
is defined with no ambiguity. The bilocal operator in the MS scheme, fQ 
Here, for example,
Þ is the RI → MS conversion matrix and we sum over all operators C which mix with A. There is a similar expression for Q B and all the operators which mix with it. The parameter Y AB ðμ; μ 0 Þ, which is determined perturbatively, accounts for the difference between the bilocal operators in the MS and RI schemes. We will discuss the determination of Y AB ðμ; μ 0 Þ in Sec. V E.
It is useful to write the MS bilocal operators in terms of the bare lattice operators whose matrix elements are computed nonperturbatively
and again there is a summation over all operators which mix with A; a similar expression holds for Q B . We now consider the specific case of the Z-exchange diagrams where Q B is a vector or axial-vector current and for Q A we consider each of the two operators Q 1q and Q 2q which mix under renormalization. (Here we use the conventional operators Q 1 and Q 2 rather than the combinations Q AE ¼ Q 1 AE Q 2 which belong to different representations of SU L ð4Þ and do not mix under renormalization.) The conversion matrix for these two operators, Z RI→MS ðμ=μ 0 Þ ¼ I þ Δr RI→MS , has been given by Ref. [51] at the scale μ ¼ μ 0 . For the entries of the renormalization matrix Z lat→RI ðaμ 0 Þ we take the values from Ref. [36] . At the scale μ ¼ μ 0 ¼ 2.15 GeV, the
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The values for C lat i quoted here are about 1.4% different from the values used in Ref. [36] , as in this paper we use a 3-loop formula for the strong coupling evolution while Ref. [36] used a 2-loop formula.
B. Lattice results for the renormalization of bilocal operators
The coefficients X lat AB ðμ 0 ; aÞ have been determined using Eq. (65). From the full ensemble of 800 configurations, we use one from every ten configurations to calculate the offshell Green's function for both bilocal and local operators. To study the scale dependence, we vary μ 0 from 1 GeV to 4 GeV in steps of 0.25 GeV and the results are presented in Table VI . For the Z-exchange diagram, we give the results for Q 1;q and Q 2;q separately and also for the combination C lat 1 Q 1;q þ C lat 2 Q 2;q . For the W-W diagrams, we write the results for the three lepton flavors l ¼ e, μ, τ respectively.
V. PERTURBATIVE ELEMENTS IN THE DETERMINATION OF THE DECAY AMPLITUDE
The final elements which are required for our computation of the decay amplitude are the Wilson coefficients and the subtraction constants Y AB ðμ; μ 0 Þ which first appeared in Eq. (6) . The determination of the Y AB is necessarily perturbative since it requires a calculation in the MS scheme. We outline their determination in Sec. V E below with further details presented in Appendix B. The determination of the Wilson coefficients is discussed in Sec. V C.
An important aim of this paper is to calculate the decay rate for the process K þ → π þ νν without using perturbation theory at the scale of m c and, as already discussed extensively, this requires us to evaluate the matrix elements of bilocal operators. The results are presented in Sec. VI below. However, in order to compare these results with those which would be obtained in the traditional way for the unphysical quark masses used in our simulations, in this section we integrate out the charm quark reducing the bilocal operators to a local one and use perturbation theory to obtain an estimate of the amplitude. We present the result of this calculation in Sec. V D, while in Secs. VA and V B we discuss the running of α s ðμÞ and m c ðμÞ which are two important elements of the perturbative calculations. The perturbative results obtained by integrating out the charm quark suggest that the contributions from the bilocal and local operators are comparable.
A. Evolution of the strong coupling constant
The evolution of the strong coupling constant α s from the scale of M Z to lower scales such as μ c ≈ m c has been studied in detail in Ref. [11] . The resulting uncertainty in α s ðμ c Þ makes only a negligible contribution to the total uncertainty in Br½K þ → π þ νν. In our calculation, we evolve α s from α s ðM Z Þ to α s ðμ c Þ by solving the renormalization group (RG) equation for α s numerically.
As the QCD perturbation theory calculation of the charm quark contribution has been performed at NNLO [10, 11] , we keep to this order and use the 3-loop RG formula for the evolution of the running coupling constant
where a s ¼ α s =ð4πÞ and the coefficients β i can be found, for example, in Ref. [52] (see [53] for a complete discussion of the running of α s ). Solving the RG equation (73) directly, we have gða s ðμ 2 ÞÞ − gða s ðμ 1 ÞÞ ¼ log μ ; where
Using Eq. (74) we can evolve α s from high to low energy scales following the path μ ¼ M Z → μ b → μ c . When a flavor threshold μ ¼ μ f is crossed, the matching conditions relating α s with f and f − 1 active quark flavors are nontrivial [11] . Using the NNLO matching conditions given in Ref. [11] and choosing the 5 → 4 flavor threshold to be at μ b ¼ 5 GeV, we obtain α s ðμ MS Þ ¼ 0.462ð11Þ; 0.304ð4Þ; 0.255ð3Þ; 0.230ð2Þ; ð75Þ for μ MS ¼ 1; 2; 3; 4 GeV respectively. These results were obtained using the PDG input parameters [53] :
In Ref. [11] , the threshold scale μ b was varied from 2.5 GeV to 10 GeV. It was found that this variation affects the charm quark contribution at a level of only AE0.2% compared to the result obtained at μ b ¼ 5 GeV.
B. Running of the charm quark mass
Due to the quadratic GIM mechanism, the charm quark contribution to the K þ → π þ νν decay amplitude is proportional to the square of the mass of the charm quark. Thus the running of the charm quark mass plays an important role in the cancellation of the μ MS scale dependence in the combination of the local and bilocal contributions.
At (88) in Ref. [11] ). Here and below we use m c ðμÞ to represent the charm quark mass computed in the MS scheme at the scale μ.
Because of the relatively fast running of α s at scales of Oðm c Þ, the coefficient κ c makes a significant impact on the evaluation of local and bilocal Green's functions. For example the value of κ c at μ c ¼ 3 GeV is about 40% smaller than the value at μ c ¼ 1 GeV. (Even if μ c is varied in the range of 2-4 GeV, κ c still changes by 24%.) Therefore we include the running of the charm quark mass and the coefficient κ c in our calculation. Recall that this calculation is performed with an unphysically light charmquark mass. Using the input parameter m c ð2GeVÞ ¼ 863 MeV, we obtain m c ðm c Þ ¼ 1.080 GeV to be compared to the physical value m c ðm c Þ ¼ 1.28 AE 0.025 GeV [53] . The charm-quark contribution in our simulation will therefore be suppressed due to the use of an unphysical charm-quark mass.
C. Determination of the Wilson coefficients
In the determination of the Wilson coefficients in the MS scheme we follow the procedure given in Ref. [11] . For the Z-exchange diagrams C MS 1 ðμÞ and C MS 2 ðμÞ together with the coefficient C MS 0;Z ðμÞ, which is associated with the local operator Q 0 , is written as a vector ⃗ C Z ¼ ðC þ ; C − ; C 0;Z Þ. Here C AE ¼ C 2 AE C 1 . The evolution for ⃗ C Z can be determined using the equation
where ⃗ C Z ðμ W Þ indicate the Wilson coefficients at the scale of μ W ¼ OðM W Þ. (In practice, we take μ W ¼ 80.0 GeV.) The values of the coefficients ⃗ C Z ðμ W Þ are determined by matching the Green's functions in the full and the effective theory at μ W using NNLO QCD perturbation theory.
The For the W-W diagram, the vector of Wilson coefficients is constructed as ⃗ C WW ¼ ð1; C 0;WW Þ. The Wilson coefficient for each two-quark-two-lepton operator does not run because the anomalous dimension is zero. Thus it is simply given by 1. The coefficient C 0;WW accounts for the SD contribution when the two local weak operators approach each other and is nontrivial. It can be determined using a renormalization group evolution equation, which takes a similar form to Eq. (78).
D. Perturbative estimate of the decay amplitude
In this subsection we digress from the main calculation and estimate the amplitude using the standard procedure of integrating out the charm quark and using perturbation theory. This will allow us to determine the difference between our nonperturbative computation of long-distance effects and the standard calculation.
Having determined ⃗ C Z ðμÞ and ⃗ C WW ðμÞ, the next step is to evaluate the amputated Green's function for the bilocal operators to determine the coefficient r MS AB ðμÞ defined by
By integrating out the charm quark field, the parameter r 
where we have exhibited the μ dependence of the charm quark mass m c ðμÞ. N c ¼ 3 is the number of QCD colors. In the W-W diagram, the parameter x l ¼ m 2 l =m 2 c ðμÞ indicates the non-zero lepton mass correction to the loop diagram. For the electron and muon this correction can be neglected given the current precision of the computations. Although the Oðα s Þ corrections to r MS AB ðμÞ are not shown explicitly in Eq. (80), they have been calculated and detailed formulas can be found in Ref. [11] . These Oðα s Þ corrections have been included in our calculation.
Note that in renormalization group improved perturbation theory, the Wilson coefficients C 0;Z and C 0;WW contain large logarithms of the form log We could also compile a figure similar to that shown in Fig. 9 corresponding to the physical charm quark mass, m c;phys . The main difference is that P In Fig. 9 , the bilocal contribution is estimated using the perturbation theory by integrating out the charm quark field. We question whether perturbation theory works well at the scale of μ ¼ Oðm c Þ. We therefore replace the r MS AB term by the nonperturbative evaluation of the bilocal matrix element together with a perturbative matching from RI/ SMOM scheme to MS scheme. The results are presented in Sec. VI.
E. Determination of the Y AB (μ;μ 0 )
The relation between the MS and RI/SMOM bilocal operators takes the form given in Eq. (6) which we rewrite here for the reader's convenience: 
In our analysis, we take the expression for r MS AB ðμÞ from Ref. [11] , where it has been calculated at Oðα 
MS
AB ðμÞ, the running charm quark mass only depends on the MS scale μ, while in ΔY AB ðμ; μ 0 Þ, the charm quark mass also depends on the RI/SMOM scale μ 0 . For simplicity, we choose μ ¼ μ 0 . Note that the mass renormalization conversion factors from the RI/SMOM scheme to the MS scheme have been calculated to two-loop order. At μ ¼ μ 0 ≥ 2 GeV these conversion factors only deviate from 1 by a few percent [55] . We thus neglect the RI/SMOM scale dependence and simply use the MS charm quark mass from Eq. (77) for ΔY AB ðμ; μÞ.
In Fig. 10 , we show the contributions to C 
VI. LATTICE RESULTS AND A DISCUSSION OF SYSTEMATIC UNCERTAINTIES
In the previous sections we have discussed and computed all the ingredients necessary to determine the decay amplitude for the process K þ → π þ νν. Before presenting our final result for the amplitude, we briefly summarize how these ingredients are combined to obtain this result. We started in Sec. III with a calculation of the matrix elements of the local and bilocal lattice operators relevant for the rare kaon decays. These computations are naturally nonperturbative. In the determination of the matrix elements of bilocal operators new ultraviolet divergences appear when the two local operators Q A and Q B which comprise the bilocal operator approach each other. We discuss the subtraction of these additional divergences in Sec. IV, introducing and determining the subtraction constants X lat AB ðμ 0 ; aÞ [see Eqs. (66) and (67)]. By subtracting these divergences, we define and determine nonperturbatively the matrix element of the bilocal operators renormalised in the RI/SMOM scheme. Since Wilson coefficients are generally calculated in the MS scheme, we need to convert the RI/SMOM operators into those in the MS scheme and this is necessarily a perturbative calculation, which we describe in Sec. V. The RI → MS conversion of the bilocal operators is characterized by the constants Y AB ðμ; μ 0 Þ [see Eq. (82)]. In this way we obtain the matrix elements of the bilocal operators in the MS scheme without "integrating out" the charm quark. This matrix elements can be written generically in terms of the individual ingredients as follows:
Depending on the choice of the operators Q fA;Bg , Eq. (84) represents contributions to the W-W or Z-exchange diagrams. The scalar amplitude F 4pt ðΔ; sÞ is given by Table VI we also give the results with the corresponding Wilson coefficients (labeled
The results for Y AB ðμ; μ 0 Þ for 1GeV ≤ μ ¼ μ 0 ≤ 4GeV are shown in Fig. 10 .
It is convenient to define the ratio RðΔ; sÞ:
RðΔ; sÞ ≡ F 4pt ðΔ; sÞ 2f þ ðsÞ :
Since in this calculation we use a single choice of momenta [see Eq. (13)], we are not able to determine the Δ and s dependence of RðΔ; sÞ. Here we simply neglect this momentum dependence. The bilocal matrix element can be written as
where the ≃ symbol on the first line reminds us that the momentum dependence of RðΔ; sÞ has been neglected. We denote the sum of the A 
MS
We now separate P c into two parts: the standard charmquark estimate P PT c calculated using perturbation theory [see Eq. (81)] and a difference between the full nonperturbative lattice result and the perturbative estimate,
In Fig. 11 we show the unrenormalized quantity
RðΔ; sÞ (gray band), the RI-renormalized quantity
lat AB ðμ 0 ;aÞ (red circle), the total charm contribution P c (blue diamond) and the difference P c − P PT c (green square) as a function of μ ¼ μ 0 . From the left to right, three panels show the results for the W-W diagrams, the Z-exchange diagrams and their sum.
At scales μ ¼ μ 0 ¼ 1, 2, 3, 4 GeV, we obtain respectively P c ¼ 0.2541ð13Þ; 0.2529ð13Þ; 0.2476ð13Þ; 0.2408ð13Þ; P c − P PT c ¼ 0.0015ð13Þ; 0.0040ð13Þ; 0.0072ð13Þ; 0.0074ð13Þ:
As shown in Tables III and IV the statistical errors in the unrenormalized bilocal matrix are about 1-2%. When these uncertainties propagate to P c , they only appear as subpercent effects, since in P c the largest contribution comes from the perturbation theory.
There is a curious cancellation evident in Fig. 11 . The figure shows that the contributions from each of the WW and Z-exchange diagrams to P c − P PT c clearly deviate from 0 due to non-perturbative effects. However, they have the opposite sign and as a result there is a significant
cancellation. For illustration, at μ ¼ μ 0 ¼ 2 GeV, the contribution to P c − P PT c from the WW diagram is −2.99ð12Þ × 10 −2 and from the Z-exchange diagram is 3.39ð6Þ × 10 −2 . The sum of the two contributions is about 10 times smaller than each contribution separately. It will be very interesting to check whether such a cancellation persists as the masses of the quarks are changed to their physical values.
A. Systematic effects
Although the statistical errors are well under control, in order to obtain a precise calculation of the long-distance contribution to the K þ → π þ νν decay amplitude, it is important also to have a good understanding of the systematic uncertainties. In this subsection we discuss some of the principle sources of these uncertainties.
The RI/SMOM and MS scale dependence
As can be seen from Eq. (90), the systematic uncertainty arising from the scale dependence is much larger than the statistical error. There are two main sources of this scale dependence. At small scales μ ¼ μ 0 ≈ 1 GeV, we expect that higher-order QCD corrections, which are not included in our calculation of ΔY AB , will cause a sizeable effect. At larger scales, μ ¼ μ 0 ≈ 4 GeV say, we expect that lattice artifacts might be significant. We quote the results for P c and P PT c as
where the central values correspond to the scale μ ¼ μ 0 ¼ 2 GeV. The first error is statistical and the second an estimate of the error implied by the residual scale dependence of P c , in the range 1 GeV < μ ¼ μ 0 < 3 GeV.
Contributions from disconnected diagrams
The calculation of disconnected diagrams usually suffers from large noise. This is also the case for the calculation of the rare kaon decay form factors, where the uncertainty of the disconnected diagrams is about 10%-30% while for the connected diagrams, the uncertainty is at the level of few percent. This can be seen from Table IV . Fortunately, the size of the form factor from the disconnected diagrams, F Z;A;disc 0 ðs max Þ ¼ 6.0ð1.2Þ × 10 −4 , is only a few percent of that from the connected diagram. It only contributes to P c at the level of 0.4%. Here we should point out that since we do not use twisted boundary conditions for disconnected diagrams, we only calculate them with the mesons at rest, RðΔ; sÞ (indicated by the gray band), the RI-renormalized matrix elements
lat AB ðμ 0 ; aÞ (red circles), the total charm-quark contribution P c (blue diamonds) and the difference P c − P PT c (green squares) are shown as a function of μ ¼ μ 0 . From left to right, the three panels show the contribution of the W-W diagrams, the Z-exchange diagram and the total, i.e., the sum of the two.
Finite volume effects
As explained in Ref. [3] , the main finite volume (FV) effects in the lattice calculation of the
can be neglected due to significant phase space suppression. We therefore exclude them from our discussion.
For the transition K þ → π þ π 0 , since the pion mass used in this calculation is 420 MeV (so that m K < 2m π ), no significant finite-volume effects are expected. Nevertheless, we have calculated two-pion scattering energy in the isospin I ¼ 2 channel as well as the
There are no expected difficulties to evaluating the potentially large finite-volume effects by using Lellouch-Lüscher formula when we repeat the calculation at physical quark masses (and therefore with m K > 2m π ) in the future.
Here we focus on the transition 
where k is the momentum carried by the intermediate π Table III . When this FV correction propagates to P c , it amounts approximately to approximately a 2% contribution. After including this FV correction, we write the results for P c and P c − P , which we can only estimate at present, we choose not to decrease the central values in Eq. (93) but to include the estimate of the FV corrections in the uncertainty. In general, the FV corrections depend on the lattice size L and how the momenta for the intermediate pion and lepton are assigned and one needs to examine them for each case. In the future, when simulations are performed with physical quark masses, it will be possible to use the calculated or measured values of the K l3 and pion form factors at the corresponding momenta to determine the FV corrections reliably. where X t ðx t Þ and P c are the top and charm quark contributions, respectively and f þ ðsÞ is the K l3 form factor. Note that the charm quark contribution P c generically depends on two variables Δ and s. In Eq. (85) we have taken the ratio between the bilocal matrix element and local matrix element and assume this ratio does not have a significant Δ and s dependence. As a consequence, P c in Eq. (94) is approximated by a constant. We now examine under what circumstance this is a good approximation. With this aim in mind, we write out the explicit Δ and s dependence for AðK þ → π þ ννÞ and P c . Using the phase space factor for three-body decays [53] , the decay width for K þ → π þ νν can be written as where dΩ ¼ sin θdϕdθ is the element of solid angle of the neutrino's momentum in the center-of-mass frame of the νν pair and θ indicates the angle between the momenta of the pion and neutrino in the same frame. We then have 
The momentum dependence
Using this simple expansion as an input, the branching ratio of K þ → π þ νν is proportional to
Here, we have used X t ðx t Þ ¼ 1.481, P c ð0; 0Þ ¼ 0.404, Imλ t ¼ 1.51 × 10 −4 , Reλ t ¼ −3.20 × 10 −4 [9] , λ ¼ 0.22537 and the PDG values for m K and m π [53] . We also make the approximation that Reλ c ≃ −λ and f þ ðsÞ ≃ 1. If jb Δ j < 0.37 and jb s j < 0.05, then the momentum dependence only amounts for a subpercent effect.
Of course, since the present simulation was performed at a single choice of ðs; ΔÞ we are unable to estimate the size of the parameters b s and b Δ . Nevertheless, the above discussion will be useful in our future studies (see Sec. VII) in which we will determine these parameters and use them to inform our choice of kinematics for simulations at physical quark masses.
VII. CONCLUSIONS AND FUTURE PROSPECTS
In this paper we have presented an exploratory lattice QCD calculation of the long-distance contribution to the K þ → π þ νν decay amplitude with a pion mass of m π ¼ 420 MeV and with a charm quark of mass m MS c ð2 GeVÞ ¼ 863 MeV. The main results have previously been reported in Ref. [1] . In this longer version we give the details explaining how the bilocal hadronic matrix elements are evaluated and how the three main technical difficulties can be overcome. These are (i) the treatment of the additional ultraviolet divergences which arise in second order perturbation theory when two local operators approach each other; (ii) the subtraction of the unphysical terms which appear in Euclidean space and which grow exponentially with the temporal extent of the region of integration over the separation between the two local operators; (iii) the correction for potentially large, i.e., nonexponential, finite-volume effects. By using 800 gauge configurations, the statistical uncertainty of the lattice result for P c is reduced to sub-percent level. We also make an analysis of the systematic errors, which gives us some guidance on how to control these uncertainties in future calculations. A curious feature of our results is that there is a very significant cancellation between the contributions from the WW and Z-exchange diagrams to P c − P PT c , see Fig. 11 and the related discussion. It will be very important and interesting to see if such a cancellation persists as the masses of the quarks are changed towards their physical values in the future simulations discussed below.
Because of the unphysical quark masses used in this simulation, it is premature to compare our current lattice result with perturbative calculations [9] and the estimate of LD effects from Ref. [2] . The technique presented in this work can readily be generalized to a future realistic calculation. Such a simulation requires both a small lattice spacing to accommodate a physically heavy charm quark, and a large volume to accommodate physically light pions. We foresee that within four years adequate resources will become available to make such a calculation possible with controlled systematic errors.
We end the discussion with our more immediate plans. We are currently performing a calculation with a lighter pion mass, m π ¼ 170 MeV, on a 32 3 × 64 ensemble. This will help us to control the uncertainty from the unphysical pion mass of 420 MeV which we are currently using and provide information about the ðΔ; sÞ momentum dependence since the allowed momentum region will be larger.
To include the physical charm quark mass, a fine lattice spacing is required. We are planning to use a 64 3 × 128 ensemble with an inverse lattice spacing of 1=a ¼ 2.38 GeV and with physical values for the light, strange and charm quark masses. As mentioned above, accurate results with a complete systematic error budget should be available within three to four years, which matches well with the experimental schedule to measure precisely the K þ → π þ νν branching ratio.
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We thank our colleagues in the RBC and UKQCD collaborations for many helpful discussions. Z. B., N. C. and X. F. were supported in part by U.S. DOE Grant doubling problem is solved and the correct spectrum of massless fermions is obtained in the range 0 < ρ < 2r. We therefore only need to consider the pole at p ¼ ðp; iE a Þ, which satisfies the relation 
Here the integral R π −π dp 4 2π is used to obtain the propagator with infinite time extension. Sðp; tÞ can be determined using Cauchy integration. Note that the square root in ωðpÞ brings in two branch cuts, one from a starting point þiE b to þi∞ and the other from −iE b to −i∞, where p ¼ ðp; iE b Þ is the zero of ωðpÞ. So the contour of the Cauchy integral should exclude these branch cuts as shown in Fig. 12 . For t > 0 we have Z π −π dp 4 2π fðp 4 Þ ¼ iresffg p 4 ¼iE a þ Z þi∞þϵ þiE b þϵ dp 4 2π fðp 4 Þ − Z þi∞−ϵ þiE b −ϵ dp 4 2π fðp 4 Þ; ðA7Þ
with fðp 4 Þ ¼ Sðp; p 4 Þe ip 4 t . In the first term on the righthand side resffg p 4 ¼iE a is the residue of fðp 4 Þ at the pole p 4 ¼ iE a . For t < 0, we can choose the contour along the branch cut −iE b to −i∞ to determine Sðp; tÞ. 
For the insertion of the vector current, we can simply replace γ ν γ 5 → γ ν and q A → q V ¼ T
